MATHEMATICS II -may 2004

1. Examine the convergence of the following series
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whereis a > 0,a # 1, b,c € R,
2. Find volume of the following region
2 2 2

T Y z
V ={(z,y,2): (§+b—2+§)2 <y} (a,b,ec>0).

3. fa,peR, 0<a<m,0<|p| <1, calculate the given convergent integral
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1. Akojea >0, a # 1, b,c € R, ispitati konvergenciju reda
1

n=

1
gblnntcinZn*

2. Nadéi zapreminu oblasti
2 2 2

x z
V={(wy.2): (+355+5)7 <y} (abe>0).
3. Ako a,p € R, tako da 0 < a < m, 0 < |p| < 1, izracunati konvergentan integral
/ ™ Pdx
22+ 2xcosa+1°
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Mentor takmicenja: Nebojsa M. Ralevié

Resenje:
1. Iz osobina logaritma imamo da je

ap = a—blnn—clnzn —_ n—blna—clna‘lnn.
Ako je clna > 0, tada postoji ng € N, tako da zasve n > ng vaziblna+clna-Inn > d=blna+clna-lnng > 1
(jer lim Inn = oo, tj. lim blna+ clna-Ilnn = o), pa je

n—oo n—oo

oo oo
te po uporednom kriterijumu iz konvergencije reda > # sledi i konvergencija reda > .
n=1 n=1
Ako je clna <, tada postoji ng € N, tako da za sve n > ng vazi blna+clna-Inn < d=blna+clna-lnny <0
(jer lim blna+clna-lnn = —o0), pa je
n—oo

an >n"4



o0 o0
te po uporednom kriterijumu iz divergencije reda Y n~¢ sledi i divergencija reda Y. a,.
n=1 n=1

Ako je ¢ =0, tada je
1

n = —pia

pared Y a, konvergira samo ako je blna > 1, dok u suprotnom divergira.
n=1
2. z=apcospsinb, y = bpsinysind, z = cpcos b,
acos psinf bsinpsin®  ccosd
J =] —apsinpsinf bpcosypsind 0 = —abcp? sin 6.
apcospcosf  bpsinpcosf —cpsinf
(p?)% = bpsinpsinf = p = Vbsingsind = sinp >0 = ¢ € [0,7], § € [0,7], p € [0, /bsingsind)|.

V = [[[dzdydz = [ [ [ |J|dpdpd = abe [ [ J p? sin 0dpdfdy = Zab*c.
v 1% 00 0
y
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3. Posmatrajmo kompleksni in-

z7P ri
t 1 dz, gd
cara {22—1—22'00504—&—1 = 8ae R L 2%
je L kontura data na slici.

z|tiarg 24+2kmi) 4y koju unutar date konture L vazi Arg z = arg z+2km €

Uzmimo onu granu funkcije z=? = e~?(n|
(0,27), tj. argz € (0,27). U tom slucaju ée biti i

=z eRt = 7P = ¢ Pnzti0) — g—plne — p—p

z
5= $6i27r,l‘ ERt = P = efp(ln:chiZﬂ') — e~ Plnz—2pmi _ ,I.fpef2p7ri’
i —p _ —p(nl+i(r—a)) _ —pi(r—

s = —eT 5 ;7P — ¢ p(ln1+i(7r—ca)) —e pi(m a)7
y = —el = ;7P — e—p(1111+i(7r+a)) —_ e—pi(ﬂ'+oz).

2?2 +2zcosa+1=0« 212 = —eti o€ (0,7) = z1/2 € int L. Odatle, sledi da su z; /o polovi prvog reda

.. o 2P . o - . N . 2P 2P

funkeije f(2) = piegary pajel = fo(Z)dZ = 2mi (Res f(2)+ Res f(2)) = 270 (5desa | __ +ovreosa_)
_ s 1) (=eT) TP _—ia\—p__ (_ pia\—p] — pi(r—a) _ ,—pi(r+a) —pTL ( AP __ ,—ipe
= 2mi ( —isin o + isin a )7 sm.a[( € ) ( € ) ]7 sma[e € ] smae (6 € )
= e~PT . 2 sin pov = 2mie PTIEREY

sin sin

d e T " P d 2n R Pe—Pit iettd r x " Pe P2 2im g 0 r_Pe Pit
Sa ruge Strane-]e - f 242z cos a+1 T+ ‘Of R2e2it L 2 Rett cosaJrlRZG t+}£az264”+2x62” cosaJrle ’I‘+2f r2e2it L 2reit cos a-
r T
L+ 1+ Is+ 1.
27 )
|R~Pe P : it

|12| < ()f [[R2e27[—[2Re’ cos a|—1] |R’L€ |dt f R2— 2R| cosa| let
_ R'"P : _ : R'"P ~ —1-p 1
=2m- RP=3R[cosal=1 ~ }%11_{20 I, =0, jer 27TR272R‘COMI71 2R ,R— 00, -1—p<0.

27

lr—Pe P ; it _ r—? —
1||7"Z€ |dt = ‘Ofm’rdt =27

—rr
1—2r] cos a|—1?

Sliéno, |I4] < f e = limly =0, jer

e2it|—|2re’t cos a| —

1-p
2WW—>O T—>O 1—p>0
Dakle, kada r — 0, R — oo, tada je
oo
_ _—2pim z " Pdx _ —pmisinpa -
(1 € ) u.[ 242z cos a+1 = 2mi- e sina ? J
(oo}
—p . . .
x Pdx _ 2mi e-pmiSiipa ™ sinpa
22+ 2xcosa+1 1 —e2pmi sin «v sinpr sina
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