MATHEMATICS I -May 2007 Canj

1. Prove -
e
oy a-¢ a-
b) - d) =
(@xb)Exd) =13 & 5.7
for @, b, 7, d € R

2. Examine detaily the function

and draw its graph.

3. Find the integral:

dx
/1+\/5+\/:c+1'

MATEMATIKA I -maj 2007 Canj
1. Dokazati N 7
(ﬁx?)-(?xﬁ’):‘ %é %:7

za @, b, 7, d c R

2. Detaljno ispitati funkciju

i nacrtati njen grafik.

3. Nadi integral:

dx
/1+\/5+\/x+1'

Mentor takmicenja: Nebojsa M. Ralevié

Resenje:
1. Dokazimo identitet @ x (b x @) = (@ - )b — (@ - b)e
= TR ' J

@ x (b x7€)=(ar,az,a3) X | by by bs a1 a2 as

b2 bS b3 b1 b1 b2
€1 C2 C3
C2 C3 c3 c1 C2
b1 ba bs by by b by by bs by by by

a2 ai

)

C2 3 C2 C3 C1 C2 c3 C2

C3

)

a2b102 — agbaci — asbscyr + asbics, asbacs — agbsca — arbica + arbaci, a1bser — arbics — azbacs + asbses)

aic1 + ases + ases)(by, be, bs) — (a1b1 + ag2bs + asbs)(c1, c2,c3) = (@ - ?)? —(a-

= (
= (
= (agca + ases, azcs + aicy, aicy + azez)(by, be, b3) — (azbz + asbs, asbs + arby, arby + 03132)(01, c2,¢3)
= ( b)7.

Koriste¢i osobine (M x W)P = (W x P)m, (M+7)P =mMp+ AP, (am)TW =a(M7), M7 =

dati identitet, imamo:

fl
al

(@xb)(exd)=[bx(exd)-a=[(D d)e—(
) d-a@)=(@-e)b-d)—(a -d)b -¢)=

)d]-

siel

ol qf
=lal
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™, kao i



1
7 B 7 , Jarctg ==, weE (—o0,—1) U (1, 00)
2. Dy =R\ {-1,1} = f(z) = arctg T T arcte 11_;527 ze(-1,1)
Iz f(z) = f(—x), x € Dy sledi da je f parna funkcija, pa ¢emo je razmatrati samo na intervalu [0, c0).

r>0= f(z) >0 (t >0« arctgt > 0), f(0) = F.
lir{l+f(x) =7 = lil{l f(z). Grafik funkcije ima horizontalnu asimptotu kada @ — oo, i to je z—osa jer je
T— r—1—

lim f(x) = arctg mILrI;O \/ﬁ =0.

1 1\()2 -3
— - (=3)(2% —1)"2 - 2u, x € (1,00) —L, € (1,00)
f'(x) = Hmi . (_i)(l —2?)"%.(=22), ze[0,1) { o €1[0,1)
I+y 2 ; ’ (2—22)v1-a?’ ’
lim f'(z) = —co, lim f'(z) = —co.
re(l,o0)= fl(x)<0=f 7, z€(0,1)= f'(x) >0= f\, f(0)=

. T
fi(z) = M ze0,1)

(2-22)%/(1-22)3’ ’ k_J
z€(l,00)= f"(z) >0 = f—,

€(0,1)=f"2)>0 = f—. i 0 i x

3. Integral je definisan za x > 0, x + 1 > 0, tj. za « > 0. Tada racionalizacijom imamo

1 —vax+1 1 —/ .
I= [ ammpde = [ 50 de =  [(5+1— [5)de = 2Va +a— [/ =Hdo).

Integral J = f\/zT?dx mozemo resiti smenom z = sh®u, 0 < u = Arsh\/z = In(y/z + /(VZ)2 +1) =
In(v/z + 1+ /), dr = 2shuchudu.

J = f\/s}’2—““2shuchudu: [du2shuchudu =2 [ch®udu = 1 [(e?+2+e2)du = Le?u+u—Lle=2u4C =
LA YE L Arsh B — Je A O = H(VEFT+ VB +lnlyeF T+ VE) - (VAT T+ VA2 4 C ==
1WVr+T1+42)? +1In \/FJH/_ -1 \/F—\/_ +C=VaZ tz+In(Vz+1+/z)+C.

Integral J mozemo resiti i smenom \/% =t,x= ﬁ, dx = —(tﬁ—twdt, tj.

f(tz 1)2 t = 3 H—l*—(m)z*ﬁ*(t 1)2)dt— st + 1)+ g5 —W(t - 1) + &)+ C =
%lntf—lthz 4+ C =3I VEEEE g JEl L O = In(Va + T+ o) + Va2 + C.

Integral mozemo izra¢unati i na slede¢i nacin:
— _ _ 2 _ 1t
t=vVr+l-Vre Vetl=Vr+t=> c+l=0+2at+t*=> Jo=5-,

1 1=ttt 1 221442 —t2—1 —t2—1 g, _ 12 —t2-1
gl =5 = =t dt = S—=dt = do =z Tp—=dt = —dt.

t4
B - - 4_1 =D+ 2+ 3_¢2 1 1 dt -2 _
I'= f 1+12;22+312:2 4t f 2tt2(t+1) f 2t2(t+1) dt = f ‘ t +t dt = 2 [ftdt - fdt + f T ft dt} -
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+43+C= +C.
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